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Abstract
This paper introduces a method for gener-

ation and validation of a probabilistic functional
brain atlas of subcortical structures from elec-
trophysiological and neuroimaging data. The
method contains three major steps: (1) acquisi-
tion of pre, intra, and postoperative multimodal
data; (2) selection of an accurate data set for
atlas generation; and (3) generation of the atlas
from the selected data set. The method is applied
to construct the probabilistic functional atlas of
the human subthalamic nucleus (STN). The STN
atlas has been built from data collected during
surgical treatment of 184 patients with
Parkinson’s disease. It is based on preoperative
X-ray ventriculography imaging, intraoperative

electrophysiological measurements and X-ray
imaging, and postoperative neurological assess-
ment. The atlas features a high resolution of
0.25 mm3 and a high accuracy of 0.25 mm. It is
dynamic and can be rapidly recalculated for
arbitrary resolution and extended by adding
new patient data. The atlas can easily be refor-
matted and warped to match patient-specific
data. Its applications include planning of sub-
thalamic stimulations and neuroscience
research to study functional properties of the
STN. The presented method is general and can
be applied for constructing human and animal
probabilistic brain atlases.
Index Entries: Probabilistic functional atlas;
subthalamic nucleus; brain atlas.
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Introduction

Human brain atlases play an important role
in clinical, research, and educational applica-
tions (Nowinski, 2002). In particular, the
importance of probabilistic brain atlases is
growing recently (Mazziotta et al., 1995). An
initial taxonomy of probabilistic atlases has

been introduced in Nowinski et al. (2003). A
probabilistic atlas can be constructed from var-
ious sources of data, such as radiological
images, photographs of cryosections, literature
studies, or electrophysiological measurements.
Typically, a probabilistic atlas is derived from
a population of data, and understanding these
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data is a crucial part of the overall process of
atlas construction. The quality of the source
data impacts the accuracy of the constructed
probabilistic atlas, and any errors or inaccura-
cies will propagate into the resulting atlas.
Therefore, understanding the process of data
acquisition, and particularly its limitations and
sources of inaccuracies are of primary impor-
tance. Having this understanding, another crit-
ical task is validation of the data used for atlas
construction. It is crucial that all data have to
be checked carefully, doubtful data clarified,
incorrect data rejected, and data of low qual-
ity enhanced or rejected. Therefore, we believe
that atlas construction from population data
cannot be decoupled from the process of data
acquisition, and consequently the specific
domain within which the data are acquired has
also to be considered.

Microrecordings and stimulations per-
formed during stereotactic and functional
neurosurgery procedures, such as surgical
treatment of Parkinson’s disease (PD), are a
rich source of data about the human brain.
Electrophysiological data acquired for clinical
purposes are also invaluable for research stud-
ies. These population (numerical) data can be
converted into volumetric images, such as a
probabilistic functional atlas (PFA) as we have
initially proposed in Nowinski and Benabid
(2002). A vast amount of electrophysiological
data has been collected for the subthalamic
nucleus (STN), a motor nucleus of the basal
ganglia. The STN is one of the most popular
target structures in surgical treatment of PD
patients. Its ablation or stimulation improves
the symptoms of PD. Bilateral stimulation of
the STN in PD patients (Benabid et al., 1994;
Benabid et al., 2000) produces a dramatic rever-
sal in all cardinal motor signs in patients who are
off their medications and gives improvements
in the on-medication state.

This paper addresses the construction of
the probabilistic functional atlas of the sub-
thalamic nucleus (PFA-STN) from multimodal

electrophysiological and neuroimaging data
collected during surgical treatment of 184 PD
patients. Data acquisition and selection are spe-
cially emphasized here and analyzed with
care, which has led to a construction of a high-
accuracy, high-resolution, and volumetric atlas.
The method employed to construct the PFA-
STN atlas is general and applicable for study-
ing other brain structures of various species.

Material and Method

The PFA-STN (or atlas) is constructed in three
major steps: (1) acquisition of preoperative,
intraoperative, and postoperative multimodal
data; (2) selection of a suitable data set for atlas
generation; and (3) generation of the atlas from
the selected data set.

Material

Material used for the construction of the PFA
has been collected over many years during
functional neurosurgery procedures. The aim
of this kind of surgical procedure is to locate a
nearly invisible small physiological target
structure situated deep within the brain and
accurately deliver therapy to it. Individual vari-
ations usually complicate targeting. The ini-
tial, anatomical target can be identified directly
in the scan or be defined by means of a
deformable brain atlas (Nowinski and Benabid,
2002). The anatomical target has then to be con-
firmed by electrophysiological mapping. For
this purpose one or usually more electrodes are
inserted into the patient’s brain by using a
stereotactic frame (see Appendix A). This elec-
trophysiological mapping provides the func-
tional position of structures in the brain as each
structure has its own characteristic firing pat-
tern in terms of frequency, amplitude, and
shape of signal envelope. After localizing the
target by microelectrode recording, the micro-
electrode is replaced by a permanent, deep
brain simulation electrode containing four
cylindrical contacts. To check and optimize the
location of the target, intraoperative stimulation
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is performed with neurological evaluation to
test for benefit and rule out side effects. The
most neurologically effective contact (the best
contact) selected during surgery is further ver-
ified in a follow-up neurological assessment.
By collecting data from numerous patients and
verifying them clinically, a probabilistic atlas
with a functional distribution of cerebral struc-
tures can be constructed and potentially new
knowledge extracted from it.

The data used in our study are given in Tables
1–3. Note that the majority of patients have
been operated bilaterally.

Method

Data Acquisition

Multimodal data are acquired through all
stages of the procedure, i.e., pre-, intra-, and
postoperatively. Preoperatively, two perpendi-
cular projections, lateral and antero-posterior,
are acquired from X-ray ventriculography (see
Appendix A, Figs. A1–A3). X-ray is able to image
the third ventricle (V3) from which the aterior
commissure (AC), posterior commissure (PC),
and height of the thalamus (HT) can be deter-
mined. The distance between the AC and PC,
HT, and the width of the V3 are measured on
these two preoperative projections for each
patient. These values are used subsequently to
normalize best contacts. Intraoperatively, the best
contact is identified electrophysiologically and
its position is imaged on two orthogonal X-rays.
The coordinates of the best contact are measured
on these two projections and reconstructed in

3D (Appendix A). Two types of quadripolar elec-
trodes are used: DBS 3387 with 1.5 mm inter-
contact gap and DBS 3389 with 0.5 mm
intercontact gap. The DBS’s contacts have num-
ber identifiers from 0 to 3. The initial identifier
of the best contact is determined during stimu-
lation. Postoperatively, the best contact is veri-
fied neurologically during a 3-month follow-up
assessment of the patient. If the contact identi-
fier is changed, its new position can be obtained
from the intraoperative X-ray images. The sur-
gical procedure and neurological assessment
have been addressed in detail in Benabid et al.
(1994, 2000), and Krack et al. (2002).

Data Selection

The more the contacts used to calculate the
PFA, the better it is from a statistical stand-
point. However, contacts may not be accurate
enough or some may even be incorrect.
Therefore, a suitable balance between popula-
tion and quality of data has to be maintained.
Two quality criteria are applied in the process
of contact selection and checking: (1) contact
cluster formation and (2) height of contact
reconstruction.

All the best contacts, when normalized and
put together in the atlas space, form typically
a cluster. Those contacts that are beyond the
cluster require checking. Being beyond the clus-
ter does not mean that the position of the
contact is incorrect. It is rather interpreted as
a “suspicious” position that has to be addi-
tionally checked. The contacts that were
beyond the cluster had usually a wrong electrode
type assigned to it, which, due to different
intercontact gaps, resulted in a wrong contact
positioning.

The physical height of the contact is 1.5 mm.
When the contact is reconstructed accurately
from two perpendicular projections, its recon-
structed height (before spatial normalization)
shall also be 1.5 mm. This serves as the basis for
checking the accuracy of individual contacts.
There are several reasons, other than a finite

Table 1 
Data statistics (AC–PC intercommissural 

distance, HT height of thalamus; both in mm)

Statistics AC–PC HT

Average length 25.85 17.45
Standard deviation 1.69 1.49

of the length
Minimal length 21.67 13.20
Maximum length 29.41 20.95
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accuracy of calculations, that may cause the
reconstructed height of contact to differ from
its physical one. First, the length of the elec-
trode measured on the projections may not be
accurate enough. Second, a wrong type may
be assigned to the electrode resulting in a wrong
positioning of contact as electrodes have dif-
ferent intercontact gaps. And third, 3D recon-
structions from 2D projections may not be
accurate. This may be due to incorrect input
parameters of the stereotactic frame (frame
size, size of angiographic localizers, or pro-
jections of angiographic localizers), position
of X-ray sources, or position of X-ray film plates
(see Appendix A). This can also signal that our
assumptions about patient positioning may
not be met, as discussed in Appendix A. For
instance, the midsagittal plane of the patient
may not be parallel to the plane of the lateral
projection causing distortion of the recon-
structed distances.

The height of each contact was recon-
structed and checked against a given range of
accuracy (of +0.25 mm). If this height was

beyond the range, the contact was re-examined
by checking and correcting, if necessary, the
electrode type, and re-measuring the electrode
length on X-rays. If after these actions the
height of contact was still beyond the given
accuracy range, the contact was rejected. As
a result, a small amount of contacts (below
3%) where reconstructed height was lower
than 1.25 mm or higher than 1.75 mm were
rejected.

Atlas Generation

From the selected set of best contacts, the atlas
was generated in four steps: (1) reconstruction
of parameters for contact normalization, (2) con-
tract normalization, (3) voxelization of normal-
ized contacts, and (4) calculation of atlas function
as frequency of best contacts. Data normaliza-
tion is based on the landmarks determined dur-
ing surgery planning, namely, AC, PC, HT, and
V3. Consequently, the coordinates of each best
contact are scaled antero-posteriorly propor-
tionally to the intercommissural distance
AC–PC and dorso-ventrally proportionally to

Table 2
All contact data (N number of patients, C number of contacts)

Contact Type Left Hemisphere Right Hemisphere Both Hemispheres

N C N C N C

3387 5 20 5 20 5 40
3389 174 696 169 676 179 1372
Both 179 716 174 696 184 1412

Table 3
Best contact data (N number of patients, C number of contacts)

Contact Type Left Hemisphere Right Hemisphere Both Hemispheres

N C N C N C

3387 5 5 5 5 5 10
3389 174 181 169 175 179 356
Both 179 186 174 180 184 366
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the height of thalamus HT. Lateral compensa-
tion against the width of the third ventricle by
shifting its lateral coordinate by V3average −
V3)/2, performed usually for the ventrointer-
mediate nucleus of the thalamus, was not
applied here, as the STN is mostly situated
below the level of the third ventricle (compar-
ison between the functional STN calculated
with and without lateral compensation was
done in Nowinski et al., submitted).

To normalize a contact, its location (repre-
sented here by the superior and inferior points
on its axis) as well as the AC–PC and HT are
required. These values are not given explicitly
and they have to be estimated from two sets of
X-ray projections: the AC–PC and HT from ven-
triculography acquired preoperatively, and the
position of the electrode with its four contacts
taken intraoperatively after electrophysiolog-
ical confirmation. Under assumption that the
midsagittal plane is parallel to the lateral plane,
the AC–PC and HT can be measured directly
on the lateral projection and V3 on the antero-
posterior projection. The calculation of 3D coor-
dinates of a point from its two 2D orthogonal
projections is theoretically simple. However,
in our case this problem has to be considered
in the given stereotactic environment taking
into account potential errors that may occur
due to mis-positioning of patient. Two recon-
struction methods along with error analysis
are given in Appendix A. The first method is
more practical (though resulting in an error of
about 0.1 mm) as it allows us to make meas-
urements against anatomical landmarks, such
as the AC or PC.

Each best contact is normalized by apply-
ing the corresponding patient-specific nor-
malization parameters and then placed in the
common atlas space. The normalized best con-
tacts are subsequently voxelized. A rapid and
optimal algorithm for contact voxelization is
given in Nowinski et al. (2003). The atlas func-
tion in a given point is defined as plurality of
best contacts at this point. In a given voxel, the

(discretized) atlas function is calculated by count-
ing the number of best contacts in this voxel.
Finally, atlas probability is computed as a lin-
ear function (specified by a user) of the atlas
function.

Results

PFA-STN Calculation

The PFA-STN has been calculated with 0.25
mm3 resolution and 0.25 mm accuracy. Figure
1 shows the normalized STN best contacts (A)
and 3D voxelized PFA-STN (B). Figure 2 shows
coronal and sagittal sections through the PFA-
STN displayed as gray scale images located
in the stereotactic space based on the mid-
commissural point (the midpoint between
the AC and PC). The PFA-STN is easily
deformable in 3D and can be superimposed
on patient-specific data. For instance, Fig. 3
shows the PFA-STN overlaid a coronal MRI
slice (this image is generated from Nowinski
et al. [2005]).

Validation

The key component of the PFA algorithm is
voxelization of a deformed cylinder detailed
in Nowinski et al. (2003). Despite theoretical
correctness proven, its implementation (lan-
guage, run-time libraries, platform, and so on)
may impact the resulted PFA. As correctness
of medical applications is particularly critical,
it is crucial to validate the software imple-
mentation of cylinder voxelization. A cylinder
representing a stereotactic contact may vary in
terms of size, position, direction, and scaling.
As the number of combination of all parame-
ter values is enormous, the software imple-
mentation of voxelization has been validated
by using the Monte Carlo method. The formula
estimating the probability of error in function
of the number of Monte Carlo tests has been
derived in Appendix B. Based on this formula
we have checked 1 million randomly generated
cylinders from a wide range of parameters and
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with the significance level of ε = 0.01 obtained
no errors. This guarantees 0.99 probability of
the correctness of algorithm implementation.

Discussion

The constructed PFA-STN is the result of a
long-term and tedious effort. The collection of
these unique data used for atlas construction
took several years. The parameters of stereo-
tactic contacts and the values of scaling factors
have been carefully checked first manually and
then automatically. A dedicated tool has been
developed to display and manipulate the con-
tacts and to provide two-way correspondence
between the list of contacts and their 3D mod-
els (Nowinski et al., 2002).

The resulting PFA-STN, based on electro-
physiology and neuroimaging, is to our best
knowledge the first and only so far volumet-
ric electrophysiology-based brain atlas. The
closest effort is the development of a database
of best point targets collected from therapeu-
tic lesioning (Finnis et al., 2000), based on a
coding structure from Tasker et al. (1978).
Besides being novel, our atlas has several

advantages. It is volumetric and isotropic,
which enables its reformatting in any plane
and facilitates its 3D warping. The atlas has a
high resolution of 0.25 mm3 and accuracy of
0.25 mm making it much accurate for target-
ing than MRI (Saint-Cyr et al., 2002) or elec-
tronic versions of print atlases (Nowinski,
2001). In fact, atlas resolution is user-defined;
however, calculating the PFA-STN with a
higher resolution than 0.25 mm3 does not make
sense as the data accuracy threshold is 0.25
mm. We are not aware of any other brain atlas
constructed with such high accuracy as our
PFA-STN.

The high quality of the obtained PFA-STN
is the result of a meticulous analysis.
Understanding the surgical procedure, the
stereotactic environment for data acquisition,
and the sources of errors and inaccuracy were
critical. Two major sources of potential errors
analyzed here were the data acquisition process
and the algorithm for PFA generation. Data
acquisition is complicated and is being done in
three stages. Errors may occur during data col-
lection as well as their archival. The accuracy of

Fig. 1. 3D PFA-STN: (A) normalized best contacts (the axes are labeled); (B) voxelized PFA-STN (the marks
on Y-axis are in millimeters; the unit for each of X [in AC–PC units] and Z [in HT units] axis corresponds to
2 mm).
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preoperative and intraoperative X-rays depends
on the stereotactic environment (location of X-
ray sources and film plates) as well as patient
positioning and frame fixation. The accuracy of
3D coordinates of the landmarks and contacts
is dependent on the accuracy of mensuration of
the X-rays and accuracy of the reconstruction
method (estimated in Appendix A). Simple
errors may also occur during archival of hun-
dreds of contacts including their identifiers,
type of electrodes, and positions as well as the

corresponding landmarks. Contact cluster for-
mation and contact height reconstruction were
two main criteria used for contact selection and
checking. The second source of potential inac-
curacies is the algorithm for PFA generation. As
its correctness was previously proven theoreti-
cally, in this work we have focused on validation
of the software implementation of contact vox-
elization. This implementation was validated by
means of the Monte Carlo method with 0.99 prob-
ability of correctness.

Fig. 2. PFA-STN: (A) coronal section; (B) sagittal section.The white color corresponds to zero probability, the
black color to probability equal to one, and the gray scale is proportional to probability. The center of
the coordinate system is at the midcommissural point and the marks on the axes are placed at every 2 mm.
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Several limitations of the constructed PFA-
STN result from data acquisition and the PFA
algorithm. The data used to calculate the PFA-
STN have been acquired for PD patients only,
not for normals, as the procedure is invasive.
The algorithm is limited to the electrodes with
the cylindrical contacts and models the acti-
vation region to correspond to the shape of the
contact, which is a simplification. The linear
spatial contact normalization is theoretically

inferior to nonlinear warping (Toga, 1998).
However, practically, within the region
between the AC and PC where the STN is
located, the difference between the linear and
nonlinear warping is negligible (Grachev et al.,
1999). A ventral scaling based on the height
of the thalamus is not accurate. An antero-
posterior scaling may be correlated better to
other than the AC or PC landmarks in the region
around the floor of the third ventricle.

Fig. 3. Deformable PFA-STN overlaid on a T2-weighted MRI coronal image.The rectangular grid has 10 mm
spacing.
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The direct application of this work is for tar-
geting in subthalamic stimulation as the PFA-
STN provides the best target (i.e., any point in
the atlas with the highest probability may be
chosen as the best target). For this purpose, the
PFA-STN has been co-registered with an
anatomical atlas (Schaltenbrand and Wahren,
1977) and incorporated in the extended edition
of The Cerefy Clinical Brain Atlas (Nowinski
et al., 2005) making it available both to neuro-
surgical and neuroscience communities. The
PFA-STN can also be useful in neuroscience
research to study properties of functional struc-
tures from a probabilistic standpoint. For
instance in Nowinski et al. submitted), we have
analyzed the PFA-STN in terms of probability
distribution versus corresponding volume and
identified two components in the STN as well
as observed differences between the left and
right STN. As the method is general, it is appli-
cable to other than the STN structures and can
handle other neuroimage acquisition tech-
niques. The algorithm for PFA generation is
very fast and it is also available publicly
(www.cerefy.com) along with a portal for best
contact deposition (Nowinski et al., 2002).
Consequently, the community can use it to gen-
erate human and animal probabilistic atlases
over the Internet. In addition, the position of
the best contact and its normalization param-
eters can also be obtained from other imaging
modalities, for instance, directly from volu-
metric MRI and CT acquisitions. However,
geometric distortion in case of MRI and post-
operative edema (on a postoperative scan
showing the position of the best contact) may
limit the accuracy of the resulting atlas.

In conclusion, the PFA of the human STN is
derived from 366 stereotactic best contacts of
184 PD patients. The atlas is volumetric and of
high-resolution (0.25 mm3) and its accuracy is
0.25 mm. It is based on electrophysiology, neu-
roimaging, and neurological assessment. The
atlas can easily be reformatted and warped to
match patient-specific data. This is a dynamic

atlas that can easily be extended by adding new
data. Its applications include planning of sub-
thalamic stimulations as well as neuroscience
research to study functional properties of the
STN. The presented method is general and can
be applied for constructing human and animal
probabilistic brain atlases.
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Appendix A: 3D Reconstruction
From Two 2D Projections in a
Stereotactic Environment

The landmarks and coordinates of best con-
tacts are measured on X-rays. Figure A1 shows
a sample X-ray.

Coordinate System

We introduce a 3D system of coordinates
where the position of the X-ray sources, (−Ss,0,0)
and (0,−Sc,0), stereotactic frame F × F × F, and
image plates (Is,0,0) and (0,Ic,0) are shown in
Figs. A2 and A3. The problem of reconstruction
of the electrodes and patient landmarks can be

Fig.A1.An X-ray showing the lateral view.The line passing through the AC and PC and another line marking
the height of thalamus are drawn.
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reduced to that of reconstruction point P = (x,
y, z) from its two orthogonal projections Ps =
(xs, ys, zs) and Pc = (xc, yc, zc), namely, sagittal
(lateral) and coronal (antero-posterior), respec-
tively, Figs. A2 and A3.

We assume that the center of patient’s AC–PC
line is the center of the coordinate system and
segment (AC, PC) lies on Y-axis. Under these
assumptions we can measure projections of

electrodes and landmarks against the projection
of the PC or AC and then reconstruct them in
3D space.

Method 1: Scaling Factor Reconstruction

Consider the sagittal view of the coordinate
system, Fig. A4. As we are interested in the active
area of angiographic localizers 2f × 2f (2f < F),
we consider the point inside the stereotactic

Fig. A2.Axial view of the coordinate system.

Fig. A3. Sagittal view of the coordinate system.
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frame ,where t∈ [0,1],β∈ [−1,1].

Using X-ray images we can find f1 and f2 (Fig. A5).

As a result we get and . Let us

take α1
c≤ αc ≤ αc
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By considering conditions in an operating
room, we get (all values are in mm):

So we can take |λ|≈ 0.0 and our assumption
(A1) causes the error in the reconstructed data
of 10−2 mm, which is acceptable in stereotac-
tic and functional neurosurgery. A similar
assumption for the sagittal X-ray source gives:
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Fig.A4. Illustration of a scaling reconstruction method.
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Thus, for given α1
s≤ αs ≤ α2

s and α1
c≤ αc ≤ αc

2,
we can reconstruct point P from its two pro-
jections Ps = (xs, ys, zs) and Pc = (xc, yc, zc) by
solving the following system of equations:

α1
s≤ αs ≤ αs

2
α1

c≤ αc ≤ αc
2

x = xcαc

(A5)

y = ysαs

z = zsαs

Unfortunately, solution of (A5) is not unique
and we have to make additional assumption:

(A6)

Under assumption (A6), equation (A5) has a
unique solution.

α α αc
c c

= +1 2

2

t
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F

F
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=
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The main advantage of this method is that
reconstruction does not require the assump-
tion about position of AC–PC. Indeed because
of (A1), the distance between points P1 and P2
equals to , α |P1´P2´|where a is the same for
P1and P2 (Fig.A6).

The main disadvantage of this approach is
that it uses assumption (A6). Let us analyze the
average reconstruction error caused by (A6).
We have:

• α—unknown scaling factor,

• α—assumed by (A6), scaling factor α’ = 0.949376.

Let us take an average value of AC–PC as 24 mm;
then y coordinate of the point belongs to [−12,12].
It gives us estimation for α as µ1≤ α ≤ µ2, where 
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Fig.A5. X-ray films with projections of the angiographic localizers.
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and 

Then

and 

Thus, assumption (A6) causes an average
reconstruction error as approx 0.1mm, which
is acceptable in stereotactic and functional
neurosurgery.

Method 2: Geometrical Reconstruction

This approach basically finds intersection P
of two lines S1Ps and S2Pc (Fig. A2). For this
purpose, we need to know all six coordinates.
Assume that only three of them are known, for
example: Ps = (?, ys, zs) and Pc = (xc, ?, ?). We
demonstrate that in this case, point P can be
reconstructed. Let us consider this reconstruc-
tion in three steps:
1. From coordinates xc and ys, we find x, y coor-

dinates of P as a result of intersection of two

′ − ′ ′ ≤ ′ ≤ × =z z zα α Ψ 66 02
2

0 003553 0 117275
.

. . mm.

α α µ α− ′ ≤ − ′ =Ψ = 2 0 003553.

t

F

F
t tc c

2
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lines l1and l2 (Fig. A7).
2. From the previous step we calculate the length

of segment S1A (Fig. A8).
3. From similarity of triangles ∆S1AP and ∆S1BPs

we find z coordinate of P (Fig. A8).
In more details we get:
Step 1. Equation of line l1:

Equation of line l2:

Find x, y:
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Fig.A6. Distance between points P1and P2 equals to .α P P1 2′ ′
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Step 2. Find |S1A|:
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Fig.A7. Step 1 (top 2D view).

Fig.A8. Steps 2 and 3 (view from X-ray source S2).
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The advantage of this approach is that it is
accurate. But this accuracy is fully relied on
the assumption of AC–PC location. This
assumption can be avoided if we measure
coordinates against a projection of the center
of our 3D coordinates. This projection can be
found from the projections of the angiographic
localizers (Fig. A5).

Appendix B: Validation 
of the Voxelization Procedure

For a given cylinder, let L be the list of voxels
each having its center inside the cylinder. We
analyze two types of possible errors: external
and internal.
Definition 1. If (x, y, z) belongs to the cylinder but
(x, y, z)∈ L, then an external error occurs in (x, y, z).
Definition 2. If (x, y, z) does not belong to the
cylinder but (x, y, z) ∉ L, then an internal error
occurs in (x,y,z).
In a general case, a program using Definitions 1
and 2 has to check all possible cylinders described
by the following parameters:

Checking directly all possible combinations of
these parameters requires an enormous
amount of time. The use of the Monte Carlo
method speeds up this process. Then, for each
simulation trial, a cylinder with uniformly dis-
tributed parameters is voxelized and checked
against Definitions 1 and 2.
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Let us consider some cylinder parameter
t ∈ [t1,t2]. Assume that there is a set of ranges
E such that and if t ∈ E, then an

internal or external error occurs. Let us estimate
the number of Monte Carlo tests in which E is
hit at least once. Then, as t is uniformly dis-
tributed on [t1,t2], probability p (t ∈ E) =

, where LE is the sum of the lengths of

all ranges from E. LE is unknown for any t ∈
[t1,t2], but we can choose some value dt approx

imating . Then, by using dt we can esti

mate the number of Monte Carlo tests in which
E is hit at least once and at the same time this
estimation will have error 0 ≤ dt ≤ 1. If after run-
ning this number of Monte Carlo tests we get
zero internal and external errors, then we are
sure with probability 1 − dt that the imple-
mentation is correct (and we are sure with
probability dt that the implementation may be
incorrect).

Let N be the number of Monte Carlo tests.
By using the schema of Bernoulli’s trials, we
estimate the probability of not hitting at least
one error set, where the error of this approx-
imation is ε = max(dr, dh, dx, dy, dz, dϕ, dθ, dSx

,
dSy

, dSz
) (the significance level). Hence, we

get:

p = (1−dr)(1−dh)(1−dx)(1−dy)(1−dz) (1−dϕ)(1−dθ)
× (1−dSx

)(1−dSy
)(1−dSz

)

q = 1 − p

where p is the probability of not hitting at least
one error set in one test, A is an event of not
hitting any error set K = N times, and P(A) is
a probability that the event A will happen K
times in N trials. All events are supposed to be
independent. Hence we get:

p A
N

K N K
p qk N K( ) =

−( )
−!

! !

LE

t t2 1−( )

LE

t t2 1−( )

E ⊂ [ ]t t1 2,
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P(A) = ((1−dr)(1−dh)(1−dx)(1−dy)(1−dz) (1−dϕ) 
× (1−dθ)(1−dSx

)(1−dSy
)(1−dSz

))N

In addition, we have to check the arbitrary
combinations of the error sets. From the prop-
erties of affine transformations it follows that
there are only four independent combinations
for size (r, h), position (x, y, z), direction (ϕ, θ),
and scaling (Sx, Sy, Sz), corresponding to
events P(Bsize) = (1−dr, dh)Ν, P(Bposition) = 
(1−dxdydz)Ν, P(Bdirection) = (1−dϕdθ)Ν, and

P(Bscaling) = (1−dSx
dSy

dSz
)Ν. The number of

Monte Carlo N trials is selected such that

P = max (P(A), P(Bsize), P(Bposition), P(Bscaling))→0.

We have checked 1 million randomly gen-
erated cylinders from a wide range of param-
eters and obtained zero internal or external
errors with a significance level of ε = 0.01. This
guarantees 0.99 probability of the correctness
of implementation.
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